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 a b s t r a c t

Millimeter-wave Multiple-input Multiple-output (MIMO) is a key technology for enabling ultra-high data rates 
in wireless communications. However, due to the limited number of RF chains compared to the large number of 
antennas, beamspace channel estimation faces challenges. In this paper, we propose a channel estimation method 
based on Multi-dimensional Approximate Message Passing (Multi-d-AMP), which enables accurate estimation of 
the beamspace channel through sparse signal recovery. Specifically, we first construct the lens antenna array-
based millimeter-wave MIMO adaptive selection network model and formulate the beamspace channel estimation 
as a sparse channel recovery problem. Second, based on the orthogonality of pilots, a Multi-d-AMP algorithm with 
a nonlinear scaling mechanism is designed to enable parallel channel estimation for multiple users. Finally, based 
on minimizing the estimation error, a nonlinear rescaling mechanism for hyperparameters in the logarithmic scale 
is introduced to prevent performance degradation caused by fixed hyperparameters. Simulation results show that 
the proposed scheme achieves desirable robustness and estimation accuracy.

1.  Introduction

Future beyond 5G or 6G networks are expected to support ultra-
high data rates, massive connectivity, and other requirements [1]. 
Millimeter-wave Multiple-input Multiple-output (MIMO), with its abun-
dant available bandwidth, has emerged as an effective technology [2,3]. 
In particular, integrated millimeter-wave MIMO with Filter Bank Multi-
Carrier (FBMC) modulation enables higher data rates and better spectral 
properties [4].

In millimeter-wave MIMO-FBMC, achieving the desired array gain 
requires accurate channel estimation. The reason is that beamforming 
relies on Channel State Information (CSI) to accurately direct the beam 
towards the target user [3]. Although Wang et al. [4] provides a fea-
sible channel estimator, the proposed scheme requires many pilots to 
obtain sufficient CSI observations, leading to excessive pilot overhead. 
In contrast, beamspace channel estimation is more interesting. The rea-
son is that the beamspace channel exhibits sparsity, and the CSI can be 
sparsely reconstructed using a small number of pilots. Lee et al. [5] pro-
posed an Orthogonal Matching Pursuit (OMP)-based millimeter-wave 
MIMO open-loop channel estimation method, which reduces the coher-
ence of the redundant dictionary and improves angle resolution through 
non-uniform quantized angle grids. Gao et al. [6] proposed a beamspace 
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channel estimation scheme based on Support Detection (SD), which ex-
hibits high reliability and low pilot overhead. However, the scheme 
only considers the case of single-antenna users. Thereafter, beamspace 
channel estimation based on successive support detection (SSD) was 
proposed in Gao et al. [7], which compensates for the shortcomings of 
the SD scheme. That is, both single-antenna and multi-antenna users 
are considered. Wei et al. [8] proposed a beamspace channel estima-
tion method based on Gaussian Mixture Learning Approximate Message 
Passing (GM-LAMP). The proposed scheme assumes that the beamspace 
channel follows a Gaussian Mixture (GM) distribution and derives a GM-
based shrinkage function, thereby the GM-LAMP network is constructed 
to achieve more accurate beamspace channel estimation. In addition, 
a low-pilot-overhead channel estimation scheme based on hybrid-field 
OMP has been proposed [9]. The proposed scheme improves the esti-
mation accuracy by constructing a hybrid-field channel model to cap-
ture the hybrid-field characteristics. Zheng et al. [10] proposed a deep 
learning-assisted FBMC-MTC system that supports diversified machine-
type data transmission while effectively mitigating the intrinsic imagi-
nary interference of FBMC. Wang et al. [11] proposed a channel estima-
tion network based on global self-attention weighting (TR-crcCAMnet). 
The proposed deep learning network extracts feature vectors of the 
channel response through parallel convolutional branches and embeds 
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${{J}_{0}}\left ( 2\pi {{\nu }_{\max }}{{\mathcal {T}}_{c}} \right )=0$


$2\pi {{\nu }_{\max }}{{\mathcal {T}}_{c}}\approx 2.4048$


\begin {equation}\label {eq:A5} {{\mathcal {T}}_{c}}=\frac {2.4048}{2\pi {{\nu }_{\max }}}\approx \frac {0.382}{{{\nu }_{\max }}}.\end {equation}


${\mathcal {T}}_{beam}$


${{\mathcal {T}}_{c}}\ge {{\mathcal {T}}_{beam}}$


${{\mathcal {T}}_{c}}<{{\mathcal {T}}_{beam}}$


${\mathcal {T}}_{c}$


\begin {equation}\label {eq:A6} \mathcal {T}=\min \left ( \frac {0.382}{{{\nu }_{\max }}},{{\mathcal {T}}_{beam}} \right ).\end {equation}
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Fig. 1. Uplink millimeter-wave MIMO-FBMC system architecture based on lens antenna array.

a channel-attention module into the residual blocks to suppress redun-
dant channel information, thereby improving the estimation accuracy. 
Cheng et al. [12] proposed a deep-learning-based channel estimation 
and equalization method for FBMC-OQAM. In this scheme, a deep neu-
ral network learns both the CSI and the constellation demapping strat-
egy and then performs implicit equalization on the distorted frequency-
domain sequence to directly recover the binary bits. However, the ab-
sence of explicit CSI output in the network deprives downlink users 
of the prior information required for beamforming. For FBMC systems, 
Ren et al. [13] proposed a joint channel estimation and preamble-based 
channel estimation scheme. Chen et al. [14] proposed an interference-
utilization channel estimation method together with pilot optimization. 
Liu et al. [15] proposed a preamble-based channel estimation scheme 
for FBMC systems with delay diversity. However, these schemes are dif-
ficult to apply directly to MIMO-FBMC systems.

It is worth noting that the design of channel estimation methods 
for MIMO-FBMC systems must account for the intrinsic imaginary in-
terference, which undermines the complex orthogonality relied upon 
in MIMO processing. However, by applying a linear transformation to 
the modulated QAM symbols, we can construct complex-valued symbols 
suitable for FBMC-OQAM transmission. This preprocessing operation 
enables FBMC-OQAM to be equivalent to a complex-orthogonal system 
in the baseband model, thereby allowing the direct application of sparse 
recovery algorithms. Inspired by the assumption of prior distributions, 
we assume that the beamspace channel follows a Laplacian distribution, 
which is commonly employed in Bayesian compressive sensing [16]. By 
introducing nonlinear scaling with hyperparameters and constructing 
a Multi-dimensional AMP (Multi-d-AMP), synchronous channel estima-
tion is achieved for multi-user (or single-user equipped with multiple 
antennas) scenarios. Our contribution can be summarized below:

• For the problem of multi-user parallel channel estimation, we pro-
pose a beamspace channel estimation method based on Multi-d-
AMP. The core of the proposed method lies in the construction 
of a multidimensional soft-thresholding decision function. Specifi-
cally, the residual with the Onsager correction term is first calcu-
lated to characterize the implicit effective noise present during the 
estimation process. Second, based on this effective noise, a pseudo-
observation model is constructed for estimating the beamspace chan-
nel. Finally, by independently solving the maximum a posteriori es-
timation closed-form solution of the pseudo-observation model for 
each user, a multi-dimensional soft-thresholding decision function is 
jointly constructed.

• To address the limitation of fixed hyperparameters that cannot bal-
ance sparsity and noise, this paper introduces a logarithmic scale-
based hyperparameter nonlinear scaling mechanism, enabling noise-
aware hyperparameter adjustment. Specifically, the maximum a pos-
teriori estimation of the beamspace channel is derived based on 

the Laplace distribution, and the analytical relationship between the 
scale parameter and the soft threshold is established. Second, a non-
linear scaling mechanism in the logarithmic scale is introduced for 
the hyperparameter to suppress extreme thresholds and ensure scal-
ing stability. Finally, an empirical balancing formulation is derived 
to minimize channel estimation error, offering a mathematical basis 
for scenario-specific hyperparameter design.

• To address the problems that the effective time interval of channel 
reciprocity is not yet clearly defined and the empirical dependence of 
beamspace channel sparsity, we propose a theoretical basis for calcu-
lating the effective reciprocity interval (Lemma 1) and a mathemati-
cal criterion for determining beamspace channel sparsity (Lemma 2), 
respectively. These results offer analytical foundations for quantify-
ing the temporal validity of channel reciprocity and reliably identi-
fying sparse structures in beamspace channel representations.

• We adopt the Saleh-Valenzuela channel model, which is widely used 
in millimeter-wave communications, to validate the feasibility of 
the proposed scheme. The simulation results demonstrate that the 
performance of Multi-d-AMP exhibits advantages across the entire 
signal-to-noise ratio range.

Notation: Bold uppercase and lowercase letters denote matrices and 
vectors, respectively. (·)∗, (·)𝑇  and (·)𝐻  denote the complex conjugate, 
transpose, and conjugate transpose, respectively.  (−𝑎, 𝑎) denotes a uni-
form distribution over the interval (−𝑎, 𝑎). 𝟏𝑀  denotes an 𝑀 × 1 all-1 
vector.

2.  System model

In a millimeter-wave beamspace MIMO-FBMC system, the Base Sta-
tion (BS) employs an 𝑀-element lens antenna array and 𝑁𝑅𝐹  (with 
𝑁𝑅𝐹 ≪ 𝑀) RF chains to serve 𝑄 single-antenna users (or a single user 
equipped with a 𝑄-element antenna array) [4]. Based on the reciprocity 
of Time-Division Duplex (TDD) systems, the downlink channel can be 
directly obtained from the uplink channel [8]. Therefore, to efficiently 
acquire CSI, we consider an uplink TDD-based millimeter-wave MIMO-
FBMC system. Fig. 1 shows the uplink millimeter-wave MIMO-FBMC 
system architecture based on lens antenna array. The overall system op-
eration proceeds as follows: We consider 𝑄 single-antenna users, whose 
data symbols are processed by an FBMC modulator to generate the trans-
mit signal. After propagation through the wireless channel, the FBMC 
signals arrive at the 𝑀-element lens antenna array at the BS. The core 
function of this array is to transform the incoming signals from the spa-
tial domain into the beamspace, which focuses the physical paths onto 
a limited number of beam directions. The beam selection network, lo-
cated after the lens antenna array, is controlled by 𝑁𝑅𝐹  RF chains and 
adaptively selects 𝑁𝑅𝐹  beams out of the 𝑀 available beams for trans-
mission. The 𝑁𝑅𝐹  selected signals are fed through the RF chains into the 
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baseband processor, where channel estimation is performed. Operating 
in TDD mode, this architecture exploits channel reciprocity, allowing 
the CSI estimated from the uplink to be used for downlink precoding 
and beamforming.

2.1.  Benchmarking model

In a fixed frequency band, assuming that the FBMC signaling of a 
user contains 𝐿 subcarriers and 𝐾 time symbols, the transmitted signal 
𝑠𝑞(𝑡) of the 𝑞th user can be expressed as Wang et al. [17]

𝑠𝑞(𝑡) =
𝐿
∑

𝑙=1

𝐾
∑

𝑘=1
𝑥𝑙,𝑘𝑝(𝑡 −𝐾𝑇 ) × exp (j2𝜋𝑙𝐹 (𝑡 −𝐾𝑇 )) exp

(

j 𝜋2 (𝑙 + 𝑘)
)

, (1)

where 𝑝(𝑡) denotes the prototype filter, for which we select PHYDYAS. 
𝑇  and 𝐹  denote the symbol period and subcarrier spacing, respectively. 
Generally, 𝑥𝑙,𝑘 denotes the real-valued Offset Quadrature Amplitude 
Modulation (OQAM) symbol. Due to the special structure of OQAM, 
FBMC inherently suffers from intrinsic imaginary interference, which 
leads to significant challenges for MIMO implementation [18]. How-
ever, by applying a precoding operation to the modulated QAM sym-
bols, we can construct complex-valued symbols 𝑥𝑙,𝑘 suitable for trans-
mission. This scheme can effectively restore the complex orthogonality 
of FBMC, enabling the integration and application of MIMO techniques 
with FBMC to be as straightforward as in OFDM. Let all transmitted 
symbols be denoted by 𝐱 =

[

𝑥1,1,⋯ , 𝑥𝐿,𝐾
]𝑇 ∈ ℂ𝐿𝐾 . Then, the precoding 

operation can be simply expressed as

𝐱 = ℙ
(

[

𝑥̃1,1,⋯ , 𝑥̃𝐿∕2 ,𝐾
]𝑇
)

, (2)

where the function ℙ(·) accomplishes the precoding of 𝑥̃𝑙∕2 ,𝑘, and 𝑥̃𝑙∕2 ,𝑘
is the modulated QAM symbol. The time-domain precoding operation 
can be expressed as Wang et al. [18]

𝑥𝑙,𝑘 = 1
√

𝐾

𝐾∕2
∑

𝑖=1
𝑥̃𝑙,𝑖𝑅𝑤𝑎𝑙(𝑖, 𝑘)

𝑠𝑡. 𝑅𝑤𝑎𝑙(𝑖, 𝑘) = (−1)
∑log2(𝐾∕2)

𝑗=1

⌊

2𝑖−1
2𝑗

⌋⌊

𝑖
2𝑗

⌋

. (3)

It is worth noting that during channel estimation, the pilot sequence 
should also undergo precoding. Using the frequency-domain precod-
ing scheme presented in Wang et al. [19], FBMC can similarly sup-
port millimeter-wave MIMO transmission directly, as demonstrated in 
Wang et al. [4]. By stacking transmitted signals of all users into the vec-
tor 𝐬(𝑡) = [

𝑠1(𝑡),⋯ , 𝑠𝑄(𝑡)
]𝑇 ∈ ℂ𝑄×1, the uplink millimeter-wave MIMO-

FBMC model assisted by the lens antenna array can be expressed as 
Zeng and Zhang[20]
𝐫(𝑡) = 𝐇𝐬(𝑡) + 𝐧(𝑡), (4)

𝐲(𝑡) = 𝐀𝑡𝐫(𝑡), (5)

where 𝐀𝑡 ∈ ℝ𝑁𝑅𝐹 ×𝑀  denotes the beam selecting network, 𝐇 ∈ ℂ𝑀×𝑄

represents the beamspace channels of all users, and 𝐧(𝑡) ∈ ℂ𝑀×1 is the 
Gaussian white noise vector. Note that the precoding operation effec-
tively eliminates the intrinsic imaginary interference of FBMC-OQAM, 
restoring the system’s complex orthogonality and ensuring the validity 
of the equivalent complex baseband model in Eq.  (4). In addition, if 
the selecting network is adaptive and implemented using low-cost 1-bit 
phase shifters as in Gao et al. [6,7], Wei et al. [8], then the elements of 
matrix 𝐀 can be randomly selected from the set 1

√

𝑁𝑅𝐹
{−1, 1} with equal 

probability.

2.2.  Beamspace channel

The use of lens antenna arrays enables a direct conversion of the 
spatial-domain channel into the beamspace channel [21]. Mathemati-
cally, the lens antenna array functions as a spatial discrete Fourier trans-
form (DFT) matrix 𝐔 ∈ ℂ𝑀×𝑀 . To formulate the beamspace channel, 

we begin our analysis from the spatial-domain channel. Considering the 
widely used clustered Saleh-Valenzuela (SV) channel model [22], the 
spatial channel vector ̄𝐡𝑞 ∈ ℂ𝑀×1 of the 𝑞th user can be expressed as

𝐡̄𝑞 =
√

𝑀
𝑁p

𝑁p
∑

𝑛p=1
𝑐𝑞,𝑛p𝐚

(

𝜙𝑎𝑧𝑖
𝑞,𝑛p

, 𝜙𝑒𝑙𝑒
𝑞,𝑛p

)

, (6)

where 𝑁p is the number of resolvable paths. 𝑐𝑞,𝑛p  and 
(

𝜙𝑎𝑧𝑖
𝑞,𝑛p

, 𝜙𝑒𝑙𝑒
𝑞,𝑛p

)

is the complex gain and spatial angle of the 𝑛pth path, respectively. 
𝐚
(

𝜙𝑎𝑧𝑖
𝑞,𝑛p

, 𝜙𝑒𝑙𝑒
𝑞,𝑛p

)

∈ ℂ𝑀×1 is the array steering vector, which depends on 
the array geometry. To simplify the expression, we omit the subscripts. 
For a Uniform Linear Array (ULA), the steering vector is expressed as 
Gao et al. [6]
𝐚ULA(𝜙) =

1
√

𝑀

[

exp (−j2𝜋𝜙𝐦)
]

, (7)

where 𝐦 = [0,⋯ ,𝑀 − 1]𝑇 . 𝜙 can be calculated as 𝑑 sin (𝜃)∕𝜆, where 𝑑
is the antenna spacing, 𝜆 is the wavelength, and 𝜃 is the angle. For a 
Uniform Planar Array (UPA), the steering vector is expressed as Wei 
et al. [8]
𝐚UPA

(

𝜙𝑎𝑧𝑖, 𝜙𝑒𝑙𝑒) = 1
√

𝑀

[

exp
(

−j2𝜋𝜙𝑎𝑧𝑖𝐦1
)]

⊗
[

exp
(

−j2𝜋𝜙𝑒𝑙𝑒𝐦2
)]

, (8)

where 𝐦1 =
[

0,⋯ ,𝑀1 − 1
]𝑇  and 𝐦2 =

[

0,⋯ ,𝑀2 − 1
]𝑇 . Note that 𝑀 =

𝑀1 ×𝑀2, where 𝑀1 and 𝑀2 denote the numbers of horizontal and 
vertical antennas, respectively. 𝜙𝑎𝑧𝑖 and 𝜙𝑒𝑙𝑒 can be calculated as 
𝑑 sin(𝜃𝑎𝑧𝑖) sin(𝜃𝑒𝑙𝑒)∕𝜆  and 𝑑 cos(𝜃𝑒𝑙𝑒)∕𝜆 , respectively. 𝜃𝑎𝑧𝑖 and 𝜃𝑒𝑙𝑒 denote 
the azimuth and elevation angles, respectively. In addition, for ULA and 
UPA, 𝐔 can be calculated as Wang et al. [4]
𝐔ULA =

[

𝐚
(

𝜙̂1
)

,⋯ , 𝐚
(

𝜙̂𝑀
)]𝐻 , (9)

𝐔UPA =
[

𝐚
(

𝜙̂𝑎𝑧𝑖
1 , 𝜙̂𝑒𝑙𝑒

1
)

,⋯ , 𝐚
(

𝜙̂𝑎𝑧𝑖
𝑀1

, 𝜙̂𝑒𝑙𝑒
𝑀2

)]𝐻
, (10)

where 𝜙̂𝑚 = 1
𝑀

(

𝑚 − 𝑀+1
2

)

. Thus, the beamspace channel 𝐇 ∈ ℂ𝑀×𝑄 for 
all users can be expressed as
𝐇 =

[

𝐔𝐡̄1,𝐔𝐡̄2,⋯ ,𝐔𝐡̄𝑄
]

. (11)

Note that millimeter-wave high-frequency transmission primarily relies 
on line-of-sight paths and a limited number of scattered paths, resulting 
in only a few significant components in the beam domain. Thus, the 
beamspace channel is approximately sparse [23].

3.  Beamspace channel estimation

The sparsity of the beamspace channel enables the application of 
compressed sensing techniques for channel estimation, effectively ex-
ploiting the inherent structural properties of the system while signifi-
cantly reducing pilot overhead. It is worth noting that, in TDD systems, 
to fully exploit channel reciprocity, the pilot signaling and channel es-
timation must be completed within the valid reciprocity interval; oth-
erwise, the downlink channel cannot be accurately inferred from the 
uplink estimation. Neglecting the effect of noise perturbations, the ef-
fective time of channel reciprocity can be determined by Lemma 1.
Lemma 1. In lens antenna array-assisted mmWave MIMO-FBMC systems 
operating under TDD mode, assuming the channel remains approximately 
constant over a duration  , the uplink and downlink channels can be re-
garded as reciprocal within this time interval. The maximum duration   over 
which this reciprocity holds is jointly determined by the channel coherence 
time within the beam angular range and the beam dwelling time of the lens 
array, given by

 = min
(

0.382
𝜈max

, 𝑏𝑒𝑎𝑚
)

, (12)

where 𝜈max denotes the maximum Doppler frequency. 𝑏𝑒𝑎𝑚 is the beam 
dwelling time, which depends on the lens aperture and beam switching mech-
anism.
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Fig. 2. Schematic diagram of TDD frame structure (simplified version).

Proof.  The proof of Lemma 1 is provided in Appendix A. ∎

3.1.  Problem formulation

The TDD frame structure is shown in Fig. 2. To obtain CSI, the uplink 
subframe lasts for 𝑁  time instants during which pilots are transmitted 
to the BS. The guard period is employed to prevent cross-interference 
during uplink and downlink switching. After completion of channel es-
timation, downlink subframes are used to transmit data.

For now, we consider only the uplink. Considering the widely 
adopted orthogonal pilot transmission strategy [6], the uplink channel 
estimation for each user is performed independently. At the 𝑛th instant 
of pilot transmission, the received pilot vector 𝐲𝑞,𝑛 ∈ ℂ𝑁𝑅𝐹 ×1 of the 𝑞th 
user can be expressed as Gao et al. [6], Wei et al. [8]
𝐲𝑞,𝑛 = 𝐀𝑛𝐡𝑞𝑠𝑞,𝑛 + 𝐧𝑞,𝑛, (13)

where 𝐡𝑞 ∈ ℂ𝑀×1 is the beamspace channel vector for the 𝑞th user. 𝑠𝑞,𝑛 is 
the transmitted pilot signal. 𝐧𝑞,𝑛 = 𝐀𝑞,𝑛𝐧̄𝑞,𝑛 is the effective noise vector. 
𝐧̄𝑞,𝑛 ∼ 

(

0, 𝑃n𝐈𝑀
) denotes the Gaussian noise vector with power 𝑃n. 

After the transmission of 𝑁  pilot instances, all the pilot vectors 𝐲𝑞 =
[

𝐲𝑇𝑞,1,⋯ , 𝐲𝑇𝑞,𝑁

]𝑇
∈ ℂ𝑁𝑁𝑅𝐹 ×1 can be obtained, denoted as

𝐲𝑞 = 𝐀𝐡𝑞 + 𝐧𝑞 . (14)

In Eq.  (14), without loss of generality, we assume 𝑠𝑞,𝑛 = 1 for 𝑛 =
1,⋯ , 𝑁 , as in Gao et al. [7], Kim and Love[24]. In MIMO-FBMC, by de-
signing comb-type pilot sequences, it can be ensured that the pilot signal 
satisfies 𝑠𝑞,𝑛 = 1 at the pilot transmission instant 𝑛. In this work, Zadoff-
Chu sequences are employed to design constant-modulus transmit sig-
nals. In addition, the beam selection network 𝐀 =

[

𝐀𝑇
1 ,⋯ ,𝐀𝑇

𝑁

]𝑇
∈

ℝ𝑁𝑁𝑅𝐹 ×𝑀  for all pilot instants is a matrix with elements ± 1
√

𝑁𝑁𝑅𝐹
. 

𝐧𝑞 =
[

𝐧𝑇𝑞,1,⋯ ,𝐧𝑇𝑞,𝑁

]𝑇
∈ ℂ𝑁𝑁𝑅𝐹 ×1 is the effective noise vector over 𝑁

instances. It is worth noting that the subscript in Eq.  (14) can be omit-
ted due to the orthogonality of the pilots, which ensures that the chan-
nel estimation method is the same for all users. Moreover, for channel 
estimation, we adopt a random beam selection network implemented 
with low-cost 1-bit phase shifters. Specifically, at each of the 𝑁  pilot 
instants, every element of the beam selection matrix 𝐀 is randomly cho-
sen with equal probability from the set 1

√

𝑁𝑁𝑅𝐹
{+1,−1}. This design 

follows the random measurement principle of compressed sensing, aim-
ing to construct a sensing matrix that satisfies the RIP, thereby ensuring 
that the sparse recovery algorithm can accurately estimate the channel 
with high probability. The random strategy avoids the mismatch be-
tween fixed or partially prior-based beam selection and the actual chan-
nel sparsity, enabling the channel energy in all possible beam directions 
to be captured with high probability. However, the random strategy is 
employed only during the channel estimation phase. Once the CSI is ob-
tained, downlink data transmission adopts an interference-aware (IA) 
beam selection strategy based on the estimated values.

3.2.  Sparse structure of the beamspace channel

Although Brady et al. [23] has demonstrated the sparsity of the 
beamspace channel, it remains essential to establish a rigorous math-
ematical foundation for this property, particularly in the context of 

millimeter-wave and high-frequency communications. We formalize the 
proof by Lemma 2.

Lemma 2. Let ̄𝐡 =
√

𝑀
𝑁p

∑𝑁p
𝑛p=1

𝑐𝑛p𝐚(𝜙), where 𝑎(𝜙) denotes the array steer-
ing vector and 𝑁p ≪ 𝑀 . Then, on the DFT basis, the beamspace channel 
𝐡 = 𝐔𝐡̄ is approximately sparse, with its significant nonzero entries predom-
inantly concentrated on the 𝑁p beam pairs. 
Proof.  Note that the lens antenna array functions as a spatial DFT ma-
trix 𝐔. As a representative case, the array response vector 𝐚(𝜙) for the 
ULA is denoted as
𝐚(𝜙) = 1

√

𝑀

[

1, exp (−j2𝜋𝜙),⋯ , exp (−j2𝜋𝜙(𝑀 − 1))
]𝑇 , (15)

where 𝜙 = 𝑑 sin (𝜃)∕𝜆. Each column of the matrix 𝐔 corresponds to the 
array response associated with a discrete direction 𝜙̂𝑚 ∈ Θ, where Θ =
[

𝑑 sin
(

𝜃1
)

∕𝜆,⋯ , 𝑑 sin
(

𝜃𝑀
)

∕𝜆
]

. Let
𝐚̃(𝜙) = 𝐔𝐚(𝜙), (16)

This transformation is equivalent to projecting the continuous angular 
response onto discrete directions. Mathematically, Eq.  (16) has the fol-
lowing structure:
1) When 𝜙 ≈ 𝜙̂𝑚, the corresponding beam exhibits its maximum main 

lobe.
2) For other values of 𝜙̂𝑚, the magnitude decays rapidly.
3) For each path, only a few elements corresponding to angles close to 

the actual spatial angle exhibit maximum values.
This structure essentially corresponds to the property of the Dirichlet 
sinc function [20], i.e.,
|𝐚̃(𝜙)|

=
|

|

|

|

|

|

[

sin
(

𝑀𝜋
(

𝜙 − 𝜙̂1
))

sin
(

𝜋
(

𝜙 − 𝜙̂1
))

,⋯ ,
sin

(

𝑀𝜋
(

𝜙 − 𝜙̂𝑀
))

sin
(

𝜋
(

𝜙 − 𝜙̂𝑀
))

]𝑇
|

|

|

|

|

|

.
(17)

Note that the above proof requires 𝜃 to be strictly aligned with the DFT 
angles. If 𝜃 is not exactly aligned with the DFT angles, a ’leakage effect’ 
may occur [7]; however, the main energy remains concentrated. ∎

To characterize this sparsity, we desire to select a probability distri-
bution to reflect the sparse structure of the beamspace channel. Lemma 2 
demonstrates that most elements of the beamspace channel are close to 
zero, with only a few significant components, which is consistent with 
the characteristics of a Laplacian distribution. Therefore, we adopt the 
Laplace distribution to characterize the sparse prior, which is a well-
established approach in Bayesian compressive sensing [16]. Fig. 3a and 
3b show the beamspace channel amplitude and the corresponding Lapla-
cian probability density function, respectively.

Assume that the elements of 𝐡 are independent and identically dis-
tributed and follow a Laplace distribution, then

𝑝(𝐡) =
𝑀
∏

𝑚=1

𝜎
2
exp

(

−𝜎|
|

ℎ𝑚||
)

=
(𝜎
2

)𝑀
exp

(

−𝜎‖𝐡‖1
)

, (18)

where 𝜎 is the scale parameter. Moreover, since the noise obeys a Gaus-
sian distribution, thus
𝑝(𝐲|𝐡) = 1

(

2𝜋𝑃n
)𝑁𝑁𝑅𝐹 ∕2

exp
(

− 1
2𝑃n

‖𝐲 − 𝐀𝐡‖22
)

. (19)
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Fig. 3. (a) Beamspace channel amplitude for different users. (b) Laplace distribution with a scale parameter of 2.

According to Bayes’ theorem, the maximum a posteriori estimate of 𝐡
can be calculated as
𝐡̂ = argmin

𝐡
𝑝(𝐡|𝐲) = argmin

𝐡
𝑝( 𝐲|𝐡)𝑝(𝐡). (20)

By applying the negative logarithmic equivalence transformation, we 
obtain

𝐡̂ = argmax
𝐡

𝑝(𝐲|𝐡)𝑝((𝐡))

= argmin
𝐡

(− log (𝑝(𝐲|𝐡)) − log (𝑝(𝐡)))
. (21)

According to Eqs.  (17) and (18), − log (𝑝(𝐡)) and − log (𝑝(𝐲|𝐡)) can be 
calculated as
− log (𝑝(𝐡)) = −𝑀 log

(𝜎
2

)

+ 𝜎‖𝐡‖1, (22)

− log (𝑝( 𝐲|𝐡)) = const + 1
2𝑃n

‖𝐲 − 𝐀𝐡‖22, (23)

respectively. Neglecting constant terms, substituting Eqs.  (22) and (23) 
into Eq.  (21), we obtain
𝐡̂ = argmin

𝐡

(

‖𝐲 − 𝐀𝐡‖22 + 2𝑃n𝜎‖𝐡‖1
)

, (24)

where ‖·‖2 and ‖·‖1 denote the Euclidean norm and the L1 norm, respec-
tively. Eq.  (23) can be formulated as a classical LASSO optimization, 
enabling the application of Compressed Sensing (CS) algorithms for ac-
curate estimation. Selecting network 𝐀 can be regarded as the sensing 
matrix in CS.

3.3.  A nonlinear-scaled multi-d-AMP estimation scheme

When multiple users simultaneously request data transmission, re-
source contention among users may lead to queuing delays, which can 
degrade the overall transmission efficiency. Furthermore, as the num-
ber of users increases, the waiting time for some users may exceed the 
effective coherence time of channel reciprocity, resulting in channel 
mismatch and degraded quality of service. Therefore, the Approximate 
Message Passing (AMP) algorithm, which enables low-complexity sig-
nal reconstruction, emerges as a promising alternative [25]. However, 
the conventional AMP algorithm operating in a one-dimensional serial 
manner still suffers from waiting delays in multi-user scenarios, which 
limits its practical application efficiency. Due to the orthogonality of 
the pilots, a unified channel estimation scheme can be applied for all 
users. To enable the BS to estimate the channels of multiple users (or 
antennas) simultaneously, we propose the Multi-d-AMP algorithm. The 
Multi-d-AMP algorithm enables parallel channel estimation for multi-
ple users, reducing latency without incurring additional computational 
complexity. The framework of the 𝑖th iteration of Multi-d-AMP is shown 
in Fig. 4.

It is worth noting that other compressed sensing-based estimators 
(e.g., OMP, SSD) typically perform channel estimation for each user in-

Fig. 4. The iteration framework of the 𝑖th step in Multi-d-AMP.

dependently in a sequential manner when handling multi-user scenar-
ios. The sequential approach leads to a linearly increasing total com-
putational delay as the number of users grows, which may cause the 
users’ waiting time to exceed the effective reciprocity window of the 
channel. Although SSD accounts for multi-antenna users, its core esti-
mation process remains sequential. In contrast, the proposed Multi-d-
AMP algorithm achieves truly parallel estimation at the architectural 
level. By constructing a multidimensional soft-thresholding function, 
Multi-d-AMP processes the channels of all users in parallel, which not 
only reduces the waiting delay but also provides performance gains due 
to its parallel processing mechanism. Moreover, compared with deep 
learning-based schemes requiring offline training and large datasets 
(e.g., GM-LAMP and TR-crcCAMnet), the theoretically enhanced Multi-
d-AMP offers better interpretability and environmental adaptability, 
without incurring any training overhead. Similar to that of AMP, the 
core update of the Multi-d-AMP framework is
𝐇̂𝑖+1 = 𝜼

(

𝐑𝑖,𝝈𝑖
)

, (25)

where 𝜼(·) denotes a multi-dimensional soft-thresholding function. 𝐑𝑖 ∈
ℂ𝑀×𝑄 is the pseudo-observation matrix with residuals, and 𝝈𝑖 ∈ ℝ1×𝑄

is the threshold vector. Without loss of generality, we consider the 𝑖th 
iteration and omit the subscript for simplicity. The maximum a posteri-
ori estimate of 𝐡 under the pseudo-observation model has a closed-form 
solution, which can be expressed as

ℎ̂𝑚 =

⎧

⎪

⎨

⎪

⎩

(

1 − 𝜎𝑞
|

|

𝑟𝑚||

)

𝑟𝑚, if |
|

𝑟𝑚|| > 𝜎𝑞
0, otherwise

, 𝑚 = 1,⋯ ,𝑀. (26)

Since 𝐫
|𝐫| = exp (j𝝎), Eq.  (26) can therefore be rewritten as

𝐡̂ = exp (j𝝎)max
(

|𝐫| − 𝜎𝑞𝟏𝑀 , 0
)

. (27)

Thereby, 𝜼(𝐑,𝝈) ∈ ℂ𝑀×𝑄 can be expressed as

𝜼(𝐑,𝝈) =
⎡

⎢

⎢

⎢

⎣

(

exp
(

j𝝎1
)

max
(

|

|

𝐫1|| − 𝜎1𝟏𝑀 , 0
))𝑇

⋮
(

exp
(

j𝝎𝑄
)

max
(

|

|

𝐫𝑄|| − 𝜎𝑄𝟏𝑀 , 0
))𝑇

⎤

⎥

⎥

⎥

⎦

𝑇

. (28)
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The pseudo-observation matrix 𝐑 ∈ ℂ𝑀×𝑄 can be calculated as

𝐑 = 𝐇̂ + 𝐀𝑇𝐕, (29)

where 𝐕 ∈ ℂ𝑀×𝑄 denotes the residual term that includes the Onsager 
correction. 𝐕𝑖 at the 𝑖th iteration can be expressed as

𝐕𝑖 = 𝐘 − 𝐀𝐇̂𝑖 + 𝐕𝑖−1diag
(

𝜶𝑖
)

+ 𝐕∗
𝑖−1diag

(

𝜷 𝑖
)

, (30)

where 𝐘 =
[

𝐲1,⋯ , 𝐲𝑄
]

∈ ℂ𝑁𝑁𝑅𝐹 ×𝑄. The Onsager correction coefficients 
𝜶 ∈ ℝ1×𝑄 and 𝜷 ∈ ℝ1×𝑄 can be calculated as

𝜶 = 1
𝑀

𝑀
∑

𝑚=1
𝕀
(

ℎ̂𝑚,1⋯𝑄 ≠ 0
)

[

𝜕𝜼(𝐑,𝝈)
𝜕(𝐑)

]

𝑚

= 1
𝑀

𝑀
∑

𝑚=1
𝕀
(

ℎ̂𝑚,1⋯𝑄 ≠ 0
)

(

1 − 𝝈
2|
|

𝐫𝑚,1⋯𝑄
|

|

)
, (31)

𝜷 = 1
𝑀

𝑀
∑

𝑚=1
𝕀
(

ℎ̂𝑚,1⋯𝑄 ≠ 0
)

[

𝜕𝜼(𝐑,𝝈)
𝜕𝐑∗

]

𝑚

= 1
𝑀

𝑀
∑

𝑚=1
𝕀
(

ℎ̂𝑚,1⋯𝑄 ≠ 0
)

(

1 −
𝝈𝐫2𝑚,1⋯𝑄

2|
|

𝐫𝑚,1⋯𝑄
|

|

3

)
, (32)

where 𝕀(·) denotes the indicator function. According to Eqs.  (31) and 
(32), the effective noise is not explicitly present but is reflected by the 
residual. Thus, the threshold vector 𝝈 ∈ ℝ1×𝑄 can be calculated as

𝝈 = 𝜍 1
𝑀

𝑀
∑

𝑚=1

|

|

𝐯𝑚,1⋯𝑄
|

|

2, (33)

where 𝜍 is a hyperparameter, which typically takes a fixed value of 
1.1402 [26]. However, according to Eq.  (24), we observe a cor-
respondence between 2𝑃n𝜎 and Eq.  (33), where 𝑃n corresponds to 
1
𝑀

∑𝑀
𝑚=1

|

|

𝐯𝑚,1⋯𝑄
|

|

2. Therefore, the scale parameter 𝜎 should simultane-
ously match both the noise power and sparsity. The design of the thresh-
old requires a balance between sparsity and noise suppression. From a 
Bayesian perspective, the threshold should be proportional to the equiv-
alent noise power. However, a fixed proportionality coefficient cannot 
adapt to the dynamic range from low to high SNR. At low SNR, a larger 
threshold is needed to suppress noise, whereas at high SNR, a smaller 
threshold is required to recover weak signal components. Assuming that 
𝜍 satisfies 𝑓(𝑃n

)

, then the following constraints should be met:

1) When 𝑃n is relatively large, 𝜍 should also be correspondingly large;
2) As 𝑃n approaches zero, 𝜍 should appropriately decrease.

To balance noise adaptability, suppress extreme thresholds, and ensure 
numerical stability, we introduce nonlinear scaling in the logarithmic 
domain (i.e., lg ((e)∕2)) to achieve optimal matching. Thus, 𝜍 can be cal-
culated as

𝜍 ≜ 𝑓
(

𝑃n
)

= 2𝑃 lg (e∕2)
n , (34)

where e = exp (1). Note that Eq.  (34) is an empirical balancing formula 
designed to minimize the channel estimation error. The hyperparameter 
balancing formula is an empirical function derived from extensive nu-
merical experiments, aiming to achieve empirical NMSE minimization 
when channel sparsity is unknown. Although a closed-form theoretical 
proof is currently lacking, its superior performance validates its effec-
tiveness in practice, as shown in Fig. 5. Multi-d-AMP no longer uses 
fixed hyperparameters; instead, it dynamically adjusts them based on 
𝑃n. The suboptimality of a fixed threshold in varying noise scenarios is 
avoided. Moreover, once the practical communication scenario is deter-
mined, Eq.  (34) can serve as a mathematical basis for hyperparame-
ter calculation, enabling estimation error minimization and enhancing 
channel estimation accuracy.

Fig. 5. Hyperparameter vs. NMSE of Channel Estimation.

Table 1 
Simulation parameters.
 Parameter name  Expression  Value
 Carrier frequency 𝑓𝑐  60GHz
 Number of BS antennas 𝑀 = 𝑀1 ×𝑀2  128
 Number of users 𝑄  8
 Number of RF chains 𝑁𝑅𝐹  16
 Number of resolvable paths 𝑁𝑝  3
 Number of pilot instants 𝑁  16
 Antenna spacing 𝑑  0.5

4.  Numerical results

To validate the effectiveness of our work, we conduct a series of 
simulations based on the widely used SV channel model. Unless oth-
erwise specified, the parameters are listed in Table 1. In addition, the 
Signal-to-Noise Ratio (SNR) for uplink channel estimation is defined as 
𝑃𝑠∕𝑃n = 1∕𝑃n . For the SV channel model described in Eq.  (5), the chan-
nel parameters of each user 𝑞 follow the distribution [9]:

1) 𝑐𝑞,𝑛𝑝 ∼  (0, 1);

2) 𝜃, 𝜃𝑒𝑙𝑒𝑎𝑛𝑑 𝜃𝑎𝑧𝑖 ∼ 
(

− 𝜋
2 ,

𝜋
2

)

.

The accuracy of channel estimation is evaluated using the Normalized 
Mean Square Error (NMSE), which is mathematically defined as

𝑒2 = 10 lg
(

‖

‖

‖

𝐇̂ −𝐇‖‖
‖

2

m2
∕‖𝐇‖2m2

)

, (35)

where ‖·‖m2 denotes the m2-norm of a matrix.

4.1.  NMSE performance analysis

Considering the theoretical foundation of CS in millimeter-wave 
MIMO systems, we provide a performance comparison of channel es-
timation using the OMP algorithm [5], the AMP algorithm, the SSD 
algorithm [7], and our proposed Multi-d-AMP algorithm. At the same 
time, we also compared with the deep learning-based GM-LAMP and 
TR-crcCAMnet.

Fig. 6a and 6b respectively show the NMSE performance of a 128×1 
ULA and a 16×8 UPA under different SNR conditions. Based on the 
numerical results in Fig. 6, we can observe that Multi-d-AMP outper-
forms other methods across the entire SNR range. This advantage stems 
from the logarithmic scale nonlinear scaling mechanism of the algo-
rithm’s hyperparameters. The noise accumulation effect is suppressed 
through the dynamic adjustment of hyperparameters. The performance 
of Multi-d-AMP and traditional AMP overlaps at SNR=20dB for ULA 
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Fig. 6. (a) NMSE comparison of different algorithms in 128×1 ULA. (b) NMSE comparison of different algorithms in 16×8 UPA.

and SNR=10dB for UPA. The reason is that the hyperparameters for 
nonlinear scaling adjustment (1.0826 and 1.4715, calculated accord-
ing to Eq.  (34)) are close to the fixed hyperparameter (1.1402). As 
the SNR increases, the convergence rate of Multi-d-AMP accelerates. At 
SNR=25dB, the NMSE of Multi-d-AMP reaches −25dB, achieving the 
same reconstruction accuracy as AMP 5dB to 10dB earlier. This demon-
strates the advantage of Multi-d-AMP in signal reconstruction efficiency. 
GM-LAMP performs worse than Multi-d-AMP in high SNR ranges, pri-
marily because GM-LAMP assumes the spatial channel follows a fixed 
GM distribution. The GM prior is typically learned offline from train-
ing data and cannot adapt to the real-time channel conditions at the 
current instant. In addition, the one-dimensional parameters of ULA ex-
hibit translational invariance, while the two-dimensional parameters of 
UPA experience coupling effects. Thus, channel estimation for UPA is 
more challenging than that for ULA. However, Multi-d-AMP shows al-
most the same performance in ULA and UPA, addressing the challenge 
of parameter coupling.

It is worth noting that in high-quality signal scenarios with SNR >
20dB, the NMSE curve of Multi-d-AMP exhibits a larger slope, indicat-
ing its superior ability to utilize strong signal characteristics for accurate 
estimation. In contrast, traditional AMP is constrained by fixed hyper-
parameters, leading to performance saturation at high SNR.

4.2.  BER performance analysis

We consider an indoor communication scenario with a carrier fre-
quency of 60GHz and a mobile speed 𝑉 ≤ 5 km/h. According to 
Lemma 1, the effective time interval for channel reciprocity is  ≥ 1.37
ms. Furthermore, we assume that the beam dwell time is equal to the 
duration required for the complete data transmission. In the lens an-
tenna array-assisted millimeter-wave MIMO-FBMC system, the duration 
of each frame is set to 1 ms, referring to the LTE standard. Due to 
the adoption of a TDD structure, each frame is divided into an uplink 
pilot transmission phase (0.2ms), a downlink data transmission phase 
(0.7ms), and an uplink-downlink switching guard period (0.1ms). The 
design of this frame structure can fully exploit the channel reciprocity of 
the TDD system within the effective time interval of channel reciprocity.

Figs. 7a and 7b respectively show the BER performance under dif-
ferent SNR conditions for channel estimation using the Multi-d-AMP 
algorithm with a 128×1 ULA and a 16×8 UPA. Note that we con-
sider various receiving strategies, including Zero-Forcing (ZF) detec-
tion, Maximum Likelihood (ML) detection, and Alamouti’s space-time 
block coding technique, as in Wang et al. [4]. This allows for a com-
prehensive evaluation of system performance under different detection 
schemes. Based on the numerical results shown in Fig. 7, we can observe 
that the proposed Multi-d-AMP algorithm exhibit superior performance 
when used for channel estimation and subsequent channel compensa-
tion. Particularly in the high SNR regime, the algorithm effectively sup-

presses channel distortion, enabling the system to achieve nearly error-
free reliable transmission. Moreover, due to the presence of multipath 
propagation, Alamouti’s space-time block coding technique can provide 
diversity gain. Accordingly, depending on the communication scenario, 
the optimal receiving strategy should be selected to enhance reliability.

4.3.  Achievable sum-rate analysis

To evaluate the impact of beamspace channel estimation on beam se-
lection, we adopt IA beam selection scheme [27] and use the achievable 
sum rate as the performance metric.

Fig. 8a and 8b respectively show the achievable sum rate of the dif-
ferent estimated beamspace channels for the 128×1 ULA and 16×8 
UPA. Based on the numerical results in Fig. 8, we can observe that Multi-
d-AMP consistently outperforms across the entire SNR range. At SNR = 
30dB, the sum rate of Multi-d-AMP approaches 85bit/s/Hz. Compared 
with GM-LAMP (approximately 81bit/s/Hz), Multi-d-AMP improves by 
about 7%, and compared with AMP (approximately 75bit/s/Hz), im-
proves by about 12%, narrowing the gap with Perfect CSI (approxi-
mately 90bit/s/Hz) to around 6%. At SNR=10dB, the performance of 
all estimation methods is limited, and the performance of Multi-d-AMP 
is nearly identical to that of traditional AMP. However, its sum rate 
(approximately 32bit/s/Hz) is higher than that of OMP (approximately 
29bit/s/Hz) and SSD (approximately 25bit/s/Hz), which indicates that 
high noise beamspace channel estimation significantly impacts beam se-
lection. When SNR > 30dB, the sum rate slope of Multi-d-AMP closely 
approaches that of the perfect CSI case, indicating that its estimation er-
ror decays rapidly with increasing SNR. However, the traditional meth-
ods tend to be saturated, which shows the potential of Multi-d-AMP in 
high-quality signal scenarios.

4.4.  Computational complexity analysis

The computational complexity of each iteration in Multi-d-AMP is 
primarily dominated by two matrix multiplications: 𝐀𝑇𝐕𝑖 and 𝐀𝐇̂𝑖. As-
suming the algorithm iterates for 𝑁𝐼𝑇  times, the computational com-
plexity is
𝐶Multi−d−AMP = 

(

2𝑁𝐼𝑇𝑁𝑁𝑅𝐹𝑄(𝑀 + 1)
)

. (36)

The computational complexity of the traditional AMP algorithm is

𝐶AMP = 
(

2𝑄𝑁𝐼𝑇𝑁𝑁𝑅𝐹

(

𝑀
(

1
𝑁𝑁𝑅𝐹

+ 1
)

+ 1
))

. (37)

For the SSD algorithm, assuming it iterates 𝑁𝐼𝑇  times, the complexity 
is

𝐶SSD = 
(

𝑄𝑀
(

𝑁𝐼𝑇𝑀𝑁𝑁𝑅𝐹 +𝑁𝑁𝑅𝐹𝑁
2
𝐼𝑇 +𝑁3

𝐼𝑇
))

. (38)

The complexity of the OMP is higher due to the presence of matrix in-
version in the algorithm. Assuming the sparsity is 𝑆 = 𝑁𝐼𝑇 , the compu-
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Fig. 7. 4QAM BER performance based on Multi-d-AMP channel estimation. (a) BER performance comparison of different detection algorithms in a 128×1 ULA. (b) 
BER performance comparison of different detection algorithms in a 16×8 UPA.

Fig. 8. (a) Sum-rate performance of IA beam selection for 128×1 ULA. (b) Sum-rate performance of IA beam selection for 16×8 UPA.

tational complexity of OMP is

𝐶OMP = 
(

𝑄
(

𝑁𝑁𝑅𝐹
(

𝑁𝐼𝑇𝑀 +𝑁2
𝐼𝑇 +𝑁3

𝐼𝑇 + 1
𝑁𝑁𝑅𝐹

𝑁4
𝐼𝑇

)))

. (39)

GM-LAMP has the same per-iteration complexity as AMP, but the intro-
duction of the Gaussian mixture shrinkage function adds an additional 

(

𝑁𝐼𝑇𝑄𝑁𝑅𝐹
) computational overhead, where  is the number of com-

ponents in the Gaussian mixture model. In contrast, the Multi-d-AMP al-
gorithm avoids the additional overhead associated with model learning. 
The computational complexity of TR-crcCAMnet is
𝐶𝑇𝑅−𝑐𝑟𝑐𝐶𝐴𝑀𝑛𝑒𝑡 = 

(

2(𝑁𝑀 + 𝐿𝑐𝑄
2

))

, (40)

where  denotes the number of network channels. During online infer-
ence, the network involves forward propagation through multiple con-
volutional layers and attention mechanisms, and the large number of 
network channels results in a high absolute computational load. In con-
trast, Multi-d-AMP offers lower computational complexity and better 
interpretability.

Compared to traditional AMP, Multi-d-AMP reduces the complexity 
of (2𝑄𝑁𝐼𝑇𝑀

)

. The advantage is the absence of higher-order terms, 
making it suitable for large-scale MIMO or high-dimensional signal 
processing. OMP and SSD, due to the presence of higher-order terms, 
are more suitable for handling small-scale problems. Thus, Multi-d-
AMP provides a more efficient solution for large-scale MIMO and high-
dimensional signal recovery.

5.  Conclusion

For the millimeter-wave MIMO-FBMC channel estimation problem, 
this letter proposes a beamspace channel estimation method based on 
Multi-d-AMP. The proposed method improves estimation efficiency by 
constructing a multi-dimensional soft-thresholding decision function, 

enabling parallel estimation of multi-dimensional channels. In addi-
tion, a logarithmic-scale-based nonlinear scaling mechanism for hyper-
parameters is introduced to enhance noise adaptability, suppress ex-
treme threshold effects, and ensure stable parameter scaling. Specifi-
cally, the proposed algorithm exhibits lower computational complexity, 
making it more suitable for large-scale MIMO and high-dimensional sig-
nal processing scenarios. To validate the practicality of the proposed 
scheme, we analyzed the NMSE and sum-rate performance of ULA and 
UPA over the SV channel. The experimental data provided show the fea-
sibility and effectiveness of the scheme. Although the proposed scheme 
has demonstrated its superiority through simulations, a key limitation 
is the lack of experimental validation on practical platforms. We plan to 
focus on practical platform testing of Multi-d-AMP in our future work. 
Specifically, we plan to deploy Multi-d-AMP on an FPGA-based platform 
to evaluate its performance in real wireless environments, addressing 
practical challenges such as hardware impairments, phase noise, and 
more complex channel non-stationarities. Moreover, developing a rig-
orous theoretical derivation of the hyperparameter balancing formula 
is also an important direction.
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Appendix A.  Proof of Lemma 1

According to Eq.  (5), we assume that the channel is time-varying 
over time within the beam angular range, where each beam contains 
a cluster of paths that satisfy coherent superposition. Moreover, al-
though scattering is limited in the millimeter-wave band, the beamspace 
channel still comprises multiple propagation paths [8,23]. Thus, the 
beamspace channel can be approximately regarded as a “reduced-order 
Jakes” model. The time correlation function 𝑅( ) of the channel can be 
calculated as

𝑅( ) = ∫

𝜈max

−𝜈max

𝑆
(

𝜈𝑖
)

exp
(

j2𝜋𝜈𝑖
)

d𝜈𝑖, (A.1)

where 𝜈𝑖 denotes the Doppler shift of the 𝑖th path. 𝑆
(

𝜈𝑖
) denotes Jakes 

spectrum, defined as Hoeher[28]

𝑆
(

𝜈𝑖
)

=

⎧

⎪

⎨

⎪

⎩

1

𝜋𝜈max

√

1−
(

𝜈𝑖∕𝜈max
)2
, |

|

𝜈𝑖|| ≤ 𝜈max

0, otherwise
. (A.2)

Thereby, 𝑅( ) can be calculated as

𝑅( ) = 2
𝜋𝜈max ∫

𝜈max

0

cos
(

2𝜋𝜈𝑖
)

√

1 −
(

𝜈𝑖∕𝜈max
)2

d𝜈𝑖. (A.3)

Assuming that 𝜈𝑖 obeys a uniform angular distribution (i.e., 𝜈𝑖 =
𝜈max cos

(

𝜃𝑖
) and 𝜃𝑖 obeys a uniform distribution), then

𝑅( )

= 2
𝜋𝜈max ∫

0

𝜋
2

cos
(

2𝜋𝜈max cos
(

𝜃𝑖
))

√

1 − cos2
(

𝜃𝑖
)

(

−𝜈max sin
(

𝜃𝑖
))

d𝜃𝑖

= 2
𝜋 ∫

𝜋
2

0
cos

(

2𝜋𝜈max cos
(

𝜃𝑖
))

d𝜃𝑖

= 𝐽0
(

2𝜋𝜈max
)

. (A.4)

We consider the first-zero method, i.e., the time instant when 
the channel first completely loses coherence, which corresponds to 
𝐽0
(

2𝜋𝜈max𝑐
)

= 0. Thereby, 2𝜋𝜈max𝑐 ≈ 2.4048. Thus, the channel coher-
ence time within the beam angular range can be calculated as

𝑐 =
2.4048
2𝜋𝜈max

≈ 0.382
𝜈max

. (A.5)

Assuming the beam dwelling time is 𝑏𝑒𝑎𝑚, the channel reciprocity holds 
throughout the entire transmission process if 𝑐 ≥ 𝑏𝑒𝑎𝑚. However, if 
𝑐 < 𝑏𝑒𝑎𝑚, the channel reciprocity is valid only within the duration of 
𝑐 . Therefore, the effective time interval of channel reciprocity is

 = min
(

0.382
𝜈max

, 𝑏𝑒𝑎𝑚
)

. (A.6)
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